Abstract. For the product S 1 × S 2 of any two connected compact hyperbolic surfaces S 1 and S 2 , we give a finite bound B such that for any selfhomeomorphism f of S 1 × S 2 and any fixed point class F of f , the index |ind(f, F)| ≤ B, which is an affirmative answer for a special case of a question asked by Boju Jiang. Moreover, we also give bounds for the Lefschetz number L(f ) and the Nielsen number N (f ) of the homeomorphism f .
Introduction
Fixed point theory studies fixed points of a selfmap f of a space X. Nielsen fixed point theory, in particular, is concerned with the properties of the fixed point set Fixf := {x ∈ X|f (x) = x} that are invariant under homotopy of the map f (see [J1] for an introduction).
The fixed point set Fixf splits into a disjoint union of fixed point classes: two fixed points a and a ′ are in the same class if and only if there is a liftingf : X → X of f such that a, a ′ ∈ p(Fixf ), where p : X → X is the universal cover. Let Fpc(f ) denote the set of all the fixed point classes of f . For each fixed point class F ∈ Fpc(f ), a homotopy invariant index ind(f, F) ∈ Z is defined. A fixed point class is essential if its index is non-zero. The number of essential fixed point classes of f is called the N ielsen number of f , denoted by N (f ). The famous Lefschetz fixed point theorem says that the sum of the indices of the fixed points of f is equal to the Lef schetz number L(f ), which is defined as
q Trace(f * : H q (X; Q) → H q (X; Q)).
A compact polyhedron X is said to have the Bounded Index Property (BIP) if there is an integer B > 0 such that for any map f : X → X and any fixed point class F of f , the index |ind(f, F)| ≤ B. X has the Bounded Index Property for Homeomorphisms (BIPH) if there is such a bound for all homeomorphisms f : X → X.
In [J2] , B. Jiang showed that graphs and surfaces with negative Euler characteristics have BIP (see [JWZ] for an enhanced version): Theorem 1.1 (Jiang, [J2] ). Suppose X is a connected compact surface with Euler characteristic χ(X) < 0, and suppose f : X → X is a selfmap. Then the indices of the Nielsen fixed point classes of f are bounded:
(A) ind(F) ≤ 1 for every fixed point class F of f ; (B) almost every fixed point class F of f has index ≥ −1, in the sense that
where the sum is taken over all fixed point classes F with ind(F) < −1;
, where L(f ) and N (f ) are the Lefschetz number and the Nielsen number of f respectively.
Moreover, he asked the following question (see [J2, Qusetion 3] ): Does every compact aspherical polyhedron X (i.e. π i (X) = 0 for all i > 1) have BIP or BIPH?
In [Mc] , C. McCord showed that infrasolvmanifolds (manifolds which admit a finite cover by a compact solvmanifold) have BIP. In [JW] , B. Jiang and S. Wang showed that geometric 3-manifolds have BIPH for orientation-preserving selfhomeomorphisms: the index of each essential fixed point class is ±1. In [Z1] , the first author showed that orientable compact Seifert 3-manifolds with hyperbolic orbifolds have BIPH. Later in [Z2, Z3] , the first author showed that compact hyperbolic n-manifolds (not necessarily orientable) also have BIPH.
In this note, we consider the product of two connected compact surfaces with negative Euler characteristics, and show it has BIPH. Such a surface is also said to be a hyperbolic one, because it always admits a Riemannian metric of constant curvature −1.
The main result of this note is the following 
and N (f ) be the Lefschetz number and the Nielsen number of f respectively. Then
We also consider a special case of selfmaps of S 1 × S 2 , and give some bounds (see Proposition 2.3) parallel to Theorem 1.2 on the index, the Lefschetz number and the Nielsen number in Section 2. In Section 3, we give some bounds for the fixed points on the alternating homeomorphisms, see Proposition 3.6. Finally, in Section 4, we complete the proof of Theorem 1.2, and give an open question.
Fiber-preserving maps
In this section, let S 1 , S 2 be two connected compact surfaces, and χ i the Euler characteristic of S i , χ 1 ≤ χ 2 < 0.
where f i is a selfmap of S i (1 = 1, 2).
is a fiber-preserving map, then Fixf = Fixf 1 × Fixf 2 , and each fixed point class F ∈ Fpc(f ) splits into a product of some fixed point classes of f i , i.e.,
where
Proof. Note that
Suppose (a, b) and (a ′ , b ′ ) are two fixed points in the same fixed point class F ∈ Fpc(f ), then there is a liftingf 1 of f 1 and a liftingf 2 of f 2 such that
where ′ in the same fixed point class F 2 of f 2 , then there is a lifting
2 ) by the multiplicativity of the index.
Since f = f 1 ×f 2 is a fiber-preserving map, by "Product formula for the Lefschetz number" [J1, pp.85, Theorem 3.2] and "Product formula for the Nielsen number [J1, pp.88, Theorem 4 
Now we give the bounds for indices, Lefschetz numbers and Nielsen numbers of fiber-preserving maps.
Proof. (A) Bounds for indices
According to Theorem 1.1, for every fixed point class F i of f i , we have
e., for every fixed point class F of f , conclusion (A) holds.
(
B) Bounds for Lefschetz & Nielsen numbers
If either N (f 1 ) or N (f 2 ) is zero, then N (f ) = 0, and L(f ) = 0 according to the Lefschetz fixed point theorem. Since χ 1 ≤ χ 2 < 0, conclusion (B) clearly holds in this case. Now we suppose N (f 1 ) ≥ 1 and N (f 2 ) ≥ 1. According to Theorem 1.1, we have
e., conclusion (B) holds.
Alternating homeomorphisms
In this section, let S 1 = S 2 be two copies of a connected compact hyperbolic surface S, and hence, their Euler characteristics χ 1 = χ 2 = χ(S) < 0.
where f 1 , f 2 are two self-homeomorphisms of S, and τ is a transposition.
Lemma 3.2. Two self-homeomorphisms f 1 and f 2 are isotopic to g 1 and g 2 such that the graph of corresponding alternating homeomorphism g = τ • (g 1 × g 2 ) :
Proof. Note that for a compact hyperbolic surface, every homeomorphism is isotopic to a diffeomorphism. Since S 1 = S = S 2 is compact, we may choose an atlas {(U i , ψ i ) | i = 1, 2, . . . n} with finite elements. For each fixed point (a, b) of f , there is an open neighborhood P of a and an open neighborhood Q of b such that P ∪ f 2 (Q) ⊂ U i andQ ∪ f 1 (P ) ⊂ U j for some i and j. The compactness of the fixed point set of f implies that we can chose finitely many P k × Q k , which is a neighborhood of some fixed point of f , such that Fixf ⊂ ∪ m k=1 P k × Q k . We shall modify f 1 and f 2 on P k × Q k inductively so that f has its desired transversality. Begin with P 1 ×Q 1 . We have thatP 1 ∪f 2 (Q 1 ) ⊂ U i andQ 1 ∪f 1 (P 1 ) ⊂ U j for some i and j. Then (
2 . Under these charts, the diagonal map and the graph map of f are respectively given by (u 1 , u 2 , u 3 , u 4 ) → (u 1 , u 2 , u 3 , u 4 , u 1 , u 2 , u 3 , u 4 ) and 
This is equivalent to say that the map
has a non-singular differential at the points with h-image (0, 0, 0, 0). We shall fit into such a requirement by making (0, 0, 0, 0) to be a regular value.
By Sard theorem, there are real number c 11 , c 12 , c 21 , c 22 with arbitrary small c (c 11 , c 12 , c 21 , c 22 ) is a regular value of h. We replace f pq with f pq + c pq λ pq for p, q = 1, 2, where λ 1q : R 2 → [0, 1] is smooth maps with λ 1q | ψi(P1) = 1 and the support Supp(λ 1q ) ⊂ ψ i (U i ), and where λ 2q : R 2 → [0, 1] is smooth maps with λ 2q | ψj (Q1) = 1 and Supp(λ 2q ) ⊂ ψ j (U j ). We then obtain new homeomorphisms f 1 and f 2 such that the graph of new alternating homeomorphism is transversal to diagonal atP 1 ×Q 1 . Still Fixf ⊂ ∪ m k=1 P k ×Q k because our changing is small.
Assume inductively that the graph of new alternating homeomorphism is transversal to diagonal at ∪ s k=1P k ×Q k , and that Fixf ⊂ ∪ m k=1 P k × Q k . We can change f 1 at P s+1 and f 2 at Q s+1 such that the graph of new alternating homeomorphism is transversal to diagonal atP s+1 ×Q s+1 . Since our changing is arbitrary small and since transversality is stable, the graph of the result map is transversal to diagonal at ∪
induces an index-preserving one-to-one corresponding between the set Fpc(f 2 • f 1 ) of fixed point classes of f 2 • f 1 and the set Fpc(f ) of fixed point classes of f .
Suppose that a and a ′ are in the same fixed point class of f 2 • f 1 , and p i : S i → S i is the universal cover. Then there is a liftingf 1 of f 1 and a liftingf 2 of f 2 such that a, a ′ ∈ p 1 (Fix(f 2 •f 1 )), there is a pointã ∈ p −1 1 (a) and a pointã
is a lifting of f , we obtain that (a, f 1 (a)) and (a ′ , f 1 (a ′ )) are in the same fixed point class of f . Conversely, suppose that (a, f 1 (a)) and (a ′ , f 1 (a ′ )) are in the same fixed point class of f . Then there is a liftingf 1 of f 1 and a liftingf 2 of f 2 such that both (a, f 1 (a)) and (
, we obtain that a and a ′ are in the same fixed point class of f 2 • f 1 . Now we shall prove that as a one-to-one correspondence between the sets of fixed point classes, ρ is index-preserving. Since the indices of fixed point classes are invariant under homotopies, by above Lemma 3.2, we may homotope f 1 and f 2 such that the graph of f is transversal with the diagonal.
Suppose that the differential Df 1 of f 1 at a is M , and the differential Df 2 of f 2
and the index of f at (a, b) is
where I k is the identity matrix of order k. Therefore,
Remark 3.5. By the commutativity of the index, we also have
Directly following from Lemma 3.3, Corollary 3.4 and Theorem 1.1, we have Proposition 3.6. If f : S 1 × S 2 → S 1 × S 2 is an alternating homeomorphism, then (A) For every fixed point class F of f , we have
Moreover, almost every fixed point class F of f has index ≥ −1, in the sense that
where the sum is taken over all fixed point classes F with ind(f, F) < −1; (B) Let L(f ) and N (f ) be the Lefschetz number and the Nielsen number of f respectively. Then
Proof of Theorem 1.2
In this section, we will complete the proof of Theorem 1.2. Firstly, we have the following key lemma by [ZVW, Proposition 4.4] directly.
Lemma 4.1 (Zhang-Ventura-Wu, [ZVW] ). Let S 1 and S 2 be two connected compact hyperbolic surfaces, and φ : π 1 (S 1 , a 1 ) × π 1 (S 2 , a 2 ) → π 1 (S 1 , b 1 ) × π 1 (S 2 , b 2 ) an isomorphism. Then φ must have one of the following forms: (i) if S 1 and S 2 are non-homeomorphic, then φ = φ 1 × φ 2 , i.e., φ(α, β) = (φ 1 (α), φ 2 (β)) where φ i : π 1 (S i , a i ) → π 1 (S i , b i ) is an isomorphism for i = 1, 2.
(ii) if S 1 and S 2 are homeomorphic, and hence π 1 (S 1 , b 1 ) = π 1 (S 2 , b 2 ) = π 1 (S 1 ) by identity, then φ = σ • (φ 1 ×φ 2 ) where φ 1 , φ 2 are two automorphisms of π 1 (S 1 ) = π 1 (S 2 ), and σ is the identity or a transposition. Namely, φ must have one of the following forms: φ(α, β) = (φ 1 (α), φ 2 (β)) or φ(α, β) = (φ 2 (β), φ 1 (α)).
Proposition 4.2. Let f : S 1 × S 2 → S 1 × S 2 be a homeomorphism, where S i (i = 1, 2) are two connected compact hyperbolic surfaces. Then
(1) if S 1 and S 2 are non-homeomorphic, then f can be homotoped to a fiberpreserving homeomorphism f 1 × f 2 ;
(2) if S 1 and S 2 are homeomorphic (then we can view S 1 , S 2 as two copies of a compact hyperbolic surface S), then f can be homotoped to either a fiber-preserving homeomorphism f 1 × f 2 or an alternating homeomorphism τ • (f 1 × f 2 ), where τ is a transposition.
